Information Theoretic Approach for Waveform Design in Coexisting MIMO Radar and MIMO Communications by Alaeekerahroodi, Mohammad et al.
INFORMATION THEORETIC APPROACH FOR WAVEFORM DESIGN IN COEXISTING
MIMO RADAR AND MIMO COMMUNICATIONS
Mohammad Alaee-Kerharoodi, Bhavani Shankar M. R., Kumar Vijay Mishra and Björn Ottersten
SnT - Interdisciplinary Centre for Security, Reliability and Trust, University of Luxembourg
ABSTRACT
We investigate waveform design for coexistence between a multiple-
input multiple-output (MIMO) radar and MIMO communications
(MRMC), with a radar-centric criterion that leads to a minimal
interference in the communications system. The communications
use the traditional mode of operation in Long Term Evolution
(LTE)/Advanced (FDD), where we formulate the design problem
based on information-theoretic criterion with the discrete phase
constraint at the design stage. The optimization problem, is non-
convex, multi-objective and multi-variable, where we propose an
efficient algorithm based on the coordinate descent (CD) framework
to simultaneously improve radar target detection performance and
the communications rate. The numerical results indicate the effec-
tiveness of the proposed algorithm in designing discrete phase set of
sequences, potentially binary.
Index Terms— Colocated array, MIMO communications,
MIMO radar, MRMC, spectral coexistence
1. INTRODUCTION
Extreme crowding of electromagnetic spectrum in recent years has
led to emergence of complex challenges in designing radar and com-
munications systems [1, 2]. Both systems need wide bandwidth to
provide a designated quality-of-service (QoS) thus resulting in com-
peting interests in exploiting the spectrum. Current approaches for
mitigating this problem are broadly grouped in two classes. In spec-
tral co-design [2, 3], a common waveform is employed by the radar
and communications system while sharing the hardware resources
at the transmit (Tx) and/or receive (Rx). In spectral coexistence,
radar and communications individually address the suppression of
interference from the other system. The overall architecture usually
promotes the performance of only one system leading to a radar-
centric [4, 5] or communications-centric [6] performance.
There is a vast body of recent literature on spectrum sharing
between single antenna communications and monostatic radars.
However, coexistence of Multiple Input Multiple Output (MIMO)
radar and MIMO communications (MRMC) is a relatively recent
development, driven particularly by recent growth in millimeter
wave (mmWave) communications and automotive applications [1].
Early works on MRMC proposed null space projection (NSP) beam-
forming which projects the colocated MIMO radar signals onto the
nullspace of the interference channel matrix from radar Tx to MIMO
communications Rx; processing techniques included single Base
Station (BS) interference mitigation [7], matrix completion [8, 9],
and switched small singular value space projection (SSVSP) [10].
There are also recent attempts to generalize MRMC systems from
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Fig. 1. An illustration of coexistence between MIMO radar and
MIMO communications (MRMC). The pedestrian is the target-of-
interest for the MIMO radar deployed on a vehicle on the right. The
buildings and vegetation comprise the clutter. At the same time, the
pedestrian and different vehicles are equipped with MIMO commu-
nications devices that correspond with the nearest BS.
single-user (SU) MIMO communications to multiple-user [11]. In
some studies [12, 13], only one of the systems - radar or com-
munications - is in the MIMO configuration. These systems are,
therefore, not strictly MRMC designs. In [4, 5, 14, 15], optimal
space-time transmit waveforms for a colocated MIMO radar that is
jointly designed with point-to-point (P2P) MIMO communications
code-book is suggested. However, these solutions treat either radar
or communications as a primary system and do not yield an equally
efficient performance of the secondary system. Contrary to these
works, in this paper, we focus on the waveform design for a radar-
centric MRMC coexistence that leads to a minimal interference in
the communications system.
The Tx amplifiers of the typical radars are naturally power-
constrained implying that the only degree of freedom is the wave-
form phase. Such a constraint on the waveform optimization makes
the problem non-convex resulting in a significantly more complex
problem than its unconstrained version [16–20]. Further, the con-
stant modulus waveform design assumes the possibility of defining
phase to arbitrary precision. However, in practice, only a finite
number of phases are implemented in hardware [16, 21], and any
quantization to discrete phases would distort the spectral shape. Our
solution, on the other hand, is to directly design the discrete phase
sequences, by putting the constraint on the design stage.
Throughout this paper, we denote boldface lowercase, boldface
uppercase and calligraphic letters for vectors, matrices and index
sets, respectively. We denote the transpose and Hermitian by (·)T
and (·)H , respectively. The Kronecker product is written as ⊗. We
use IN for the identity matrix of size N ×N .
2. SYSTEM ARCHITECTURE AND MODEL
We consider a colocated MIMO radar comprising NT Tx antennas
and NR Rx antennas, which coexists with MIMO communica-
tions with MT Tx and MR Rx antennas (see Figure 1). Both
radar and communications are narrow band, but the radar band-
width occupies the entire communications bandwidth, including
Down Link (DL) and Up Link (UL). The MIMO radar transmits
x̄m = [x̄m(1), x̄m(2), . . . , x̄m(L)]
T ∈ CL, at m-th Tx antenna,
where L is the sequence length (intra-pulse coding in Code Di-
vision Multiplexing (CDM)-MIMO radar [18]). At l-th epoch,
l = 1, . . . , L, the transmitted waveform by the MIMO radar from
all the NT transmit antennas is,
x̃l = [x̄1(l), x̄2(l), . . . , x̄NT (l)]
T ∈ CNT . (1)
We suppose that a farfield moving target is located at the direction
θ0 with the reflection coefficient α0 and normalized relative Doppler
frequency fd0 . Meanwhile, Q clutter patches (signal-dependent in-
terference) are located at θ1, . . . , θQ with αq reflection coefficients.
The MIMO BS also simultaneously serves multiple communi-





2 (l), . . . , s̃
BS
MT (l)]
T ∈ CMT . (2)
Without loss of generality, we assume that both communications and
radar systems have Uniform Linear Array (ULA) Tx/Rx antennas1,
and are synchronized in terms of sampling times, when all channels
remain fixed over L symbol intervals. We adopt ax(α) to show the
steering vectors of the radar system, where we replace x with T or
R to indicate Tx or Rx, respectively. We adopt ãx(α) to denote the
steering vectors of the communications with superscripts BS/Ui to
denote the BS or i-th user, respectively.
Assume that F ∈ CNR×MT indicates the channel between BS
and radar (see Figure 1), where Π paths are available with the depar-








, and τp denotes the
unit-mean-square-value fading coefficient of the p-th propagation
path from BS towards radar. Using the traditional mode of opera-
tion in LTE/Advanced (FDD), i-th communications user with M̃ iT












where i = 1, 2, . . . , I , and I stands for number of users. We de-
note by Ψi the channel between i-th communications user and radar
which is defined by, Ψi =
∑Π̃
p̃=1 κp̃B̃(θp̃, φ̃p̃), where κp̃ denotes
the unit-mean-square-value fading coefficient of the p̃-th propaga-
tion path from i-th user towards radar, and




, with angle of arrival θp̃ and
angle of departure φ̃p̃.
2.1. Received signal at radar
In the MIMO radar receive side, the received complex baseband sig-
nal from all NR Rx antennas at time index l ∈ N+ is given by
1Assuming ULA, the steering vector at angle α can be obtained by,
ax(α) =
[




(Nx − 1)dx sin(α)
)]T
, where dx indicates
















where ỹRl ∈ CNR , A(θ) = aT (θ)aHR (θ) ∈ CNT×NR , and w̃
R
l ∈
CNR denotes additive noise, modeled as independent and identi-
cally distributed (i.i.d.) complex circular zero-mean Gaussian ran-
dom vector, i.e., w̃Rl ∼ CN (0, σ2w̃RINR).
Rearranging Y R = [ỹR1 , ỹ
R
2 , . . . , ỹ
R
L ]
T ∈ CL×NR , the re-
ceived signal from all the NR antennas will be obtained by,










where X = [x̃R1 , x̃
R
2 , . . . , x̃
R
L ]
T ∈ CL×NT is the code matrix (set
of sequences) that we aim to design in this paper, and P (fd) =
[pd, . . . ,pd] ∈ CL×NR with Doppler steering vector pd =
[1, . . . , exp(j2π(L − 1)fd)]T . Also SBS = [s̃BS1 , . . . , s̃BSL ]T ∈









CL×NR . The covariance matrix of the signal component, namely





















X  P (fd0 )
])H ∈ SLNR+ ,
(6)
where T = σ2xvec (A(θ0)) vec(A(θ0))H ∈ CNTNR×NTNR and
σ2x = E{α0α∗0}.





σ2q = E{αqα∗q}, we obtainRc(X) = (INR ⊗X)Q (INR ⊗X)
H .











with σ2p̃ = E{κp̃κ∗p̃}, the covariance matrix of the interference will
be obtained byRν =
(
INR ⊗ S













. Further, the covari-
ance matrix of noise is RwR = E{vec(WR)vec(WR)H}. By
creating a vector illustration of the received signal in (5), and
defining yR = vec(Y R), x = vec(α0 (X  P (fd0))A(θ0)),
c = vec(X
∑Q














the detection problem with the assumption of Gaussian interference
can be written as [20],
ζR ∼
{CN (0, ILNR + ∆(X)) : H1
CN (0, ILNR) : H0
(7)
Using the eigen decomposition ∆(X) = Ũ
H
ΛŨ with Λ be-
ing diagonal matrix containing eigenvalues of ∆(X) called λn,











with columns of Ũ are the associated eigenvectors. The above
detector is optimal in the sense that it maximizes probability of
detection while keeping probability of false-alarm below a certain
threshold. However, in most cases, finding the best set of sequences
X that maximizes the performance of the optimal detector is not
analytically tractable. In such cases, other design criteria referred
to as information-theoretic criteria like mutual information (M)
can be employed for transmit sequence design [20]. TheM metric
associated with (7) is given by,
M(X) = log det (ILNR + ∆(X)) . (8)
2.2. Received signal at communications
The communication symbols transmitted from the BS in the DL will
be received at the i-th user with angle of arrival φ̃d and angle of de-
parture φd, after passing through the flat frequency channelHDLi ∈
CM̃
i
R×MT (see Figure 1), defined byHDLi =
∑∆i
d=1 δdJ̄ i(φ̃d, φd),






, and δd denotes the
unit-mean-square-value fading coefficient of the d-th propagation
path from BS towards i-th user.
Additionally, the transmit waveform of the radar will passes
through the channel Gi ∈ CM̃
i
R×NT and interferes with the com-
munication symbols at the receiver of i-th user. Considering Ωi-path
channels between radar and i-th user, and defining Ḡi(φ̃k, θk) =
ãUiR (φ̃k)a
H
T (θk), the channel matrix Gi can be written as, Gi =∑Ωi
k=1 βkḠi(φ̃k, θk), where βk denotes the unit-mean-square-value
fading coefficient of the k-th propagation path from radar towards
the i-th communication user, and ãUiR (φ̃k) is the receive steering
vector of i-th communication user with angle of arrival φ̃k and an-
gle of departure θk from radar transmit array with steering vector






l +Gix̃l + w̃
Ui
l , (9)
where w̃Uil ∈ C






At the BS, the communication symbols will be received from
all active users, while passing thought the frequency flat channels
HULi ∈ CMR×M̃
i
T , i = 1, . . . , I . Additionally, the transmit wave-
form of the radar interferes with the received signal at the BS when
passes through the channel F̄ ∈ CMR×NT . The received signal at






l + F̄ x̃l + w̃
BS
l , (10)
where w̃BSl ∈ CMR denotes additive noise, modeled as w̃BSl ∼





δ̃d̃J̃ i(φd̃, φ̃d̃), where






, and δ̃d̃ denotes the unit-
mean-square-value fading coefficient of the d̃-th propagation path
from i-th user towards BS. Similarly, by denoting γk̃ as the unit-
mean-square-value fading coefficient of the k̃-th propagation path
from radar towards the BS and considering Ω̃ path between radar
and BS, the channel matrix F̄ ∈ CMR×NT can be written as, F̄ =∑Ω̃
k̃=1





lar to the radar receive side, rearrangingY Ui = [ỹU1l , ỹ
U2






R and Y BS = [ỹBSl , ỹ
BS
l , . . . , ỹ
BS
L ]
T ∈ CL×MR , the re-
ceived signal from all receive antennas respectively at the commu-
nication users and BS can be written as,















+W BS , (12)
where SBS , SUi , X are defined previously below (5), and W Ui =









CL×MR . Let us assume that the communication symbols trans-
mitted by every user are independent from the each other. The
signal covariance matrices at i-th user and BS respectively can





































vec(J̃ i(φd̃, φ̃d̃))vec(J̃ i(φd̃, φ̃d̃))







The radar waveform interferes with the communication symbols
at both user and BS receive sides. The covariance of interfer-
ence plus noise in the receiver of i-th user of the communications






























where σ2k denotes the interference power in the receiver of i-th com-
munication user. The covariance of interference plus noise in the re-
ceiver of BS can be written as,RBSCin(X) = (IMR ⊗X) Ξ̃ (IMR ⊗X)
H+



























a lower bound for the rate per channel use per Degrees of Freedom






















3. THE PROPOSED METHOD
We aim to maximize the M(X), CUi(X) and CBS(X), by de-
signing the radar transmit set of sequences X , while every entry is








with M indicating the alphabet size. Indicating (l,m)-th entry of
the code matrix X by Xl,m, l = 1, . . . , L, m = 1, . . . , NT , the






subject to arg (Xl,m) ∈ ΓM
(15)
which is multi-objective, multi-variable, constrained and non-
convex. In a multi-objective optimization problem, usually a feasible
solution that minimizes all the objective functions simultaneously
does not exist [17, 18]. A viable means to handle these type of
problems, is to use the scalarization technique which exploits as
objective a specific weighted sum between the objective functions





w1M(X) + w2CUi(X) + w3CBS(X)
subject to arg (Xl,m) ∈ ΓM
where the weighting coefficientsw1, w2, w3 ∈ [0, 1] and
∑3
i=1 wi =
1. The parameters wi trades-off the radar performance and the com-
munication performance. In fact, the different values of wi can
lead to various sets of sequences with different goodness, which
is an important property for the coexisting systems. An example
is automotive MIMO radar, where the performance can be en-
hanced through a continuous and coordinated feedback between the
transmitter and receiver which implies a dynamic adaptation of the
sensor’s algorithms to the operational context and environmental
replies.
To tackle Problem P̃MRMC, we resort to the Coordinate Descent
(CD) framework, which has gained growing popularity in various
applications due to its straightforward structure and simplicity [17,
18]. In this sense, in a first step we rewrite the objective function
based on one variable, keeping fixed the others. Then, we impose the
constraint directly on the selected variable, i. e., converting the con-
strained optimization problem to unconstrained. Let us denote the
objective function in P̃MRMC by f(X) = w1M(X)+w2CUi(X)+
w3C
BS(X). We pick a coordinate l̃, m̃ from l̃ = 1, . . . , L and
m̃ = 1, . . . , NT , and design the code entry Xl̃,m̃, by keeping fixed
the other entries of the code matrix X . As to the constraint, we di-
rectly examine the objective function by putting Xl̃,m̃ equal to all
the entries of ΓM , and select the one who maximizes it, as the opti-
mal X?
l̃,m̃
. Once all the entries ofX were updated, we check the the
objective function in comparison with the previous iteration2, and
stop the algorithm if the change was less than a desired threshold.
Otherwise, we put the obtained code matrix as the input to the next
iteration. Finally, while the iteration increases, we iteratively obtain
different sets of optimal sequences, namelyX(1),X(2), . . .,X(?).
4. PERFORMANCE ANALYSIS
We consider a MIMO radar with NT = 3 Tx, NR = 4 Rx antennas,
and code length L = 11. We assume a target is located at the angle
θ0 = 25 degrees with normalized Doppler shift fd0 = 0.25; also,
the number of interfering clutter patches is supposed to be Q = 7
around θ0, viz. θq = {22, 23, 24, 25, 26, 27, 28}. A homogenous
clutter environment is considered implying that σ1 = σ2, . . . ,=
σQ. Also, a zero mean white Gaussian noise with σ2wR = 1 is con-
sidered at the radar receiver. We consider −10 dB Signal to Noise
Ratio (SNR) for the target of interest, while the Clutter to Noise Ra-
tio (CNR) and Interfernece to Noise Ratio (INR) at the range bin of
the target are 20 dB, 30 dB, respectively3.
We also consider BS with MT = MR = 8 Tx and Rx anten-
nas, while I = 10 active users are served by the BS. Every user,
has a single Tx and Rx antenna. Without loss of generality, we as-
sume 5 paths are available between every two systems, i. e., BS and
radar, BS and users, users and radar, and vice versa. Further, we ran-
domly select the incident and departure angles between −90 to 90
2Iteration increases when all the entries of X were updated.
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ν indicating the power of signal, noise,
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Fig. 2. Convergence behaviour of the proposed method at different














Fig. 3. ROC for uncoded, random and optimized set of sequences at
alphabet sizes M = [2, 4, 16].
degrees. At the communications, we uniformly select SNR of every
user in the interval [5, 25] dB and INR in the interval [10, 30] dB.
We consider similar SNR/INR values for DL and UL paths. In all
the simulations, we set w1 = 0.5, w2 = 0.25, w3 = 0.25, alphabet
sizes M = {2, 4, 16}, and the stopping threshold to 0.0001. We use
uncoded4 waveforms (which implies phased array transmission) as
the initial set of sequences, and the benchmark.
In Figure 2, the convergence curves illustrate the monotonic in-
creasing behavior of the objective function. Interestingly, the ob-
jective function is case of M = 4 is very close to that of obtained
with M = 16. This indicates that with a small values of the alpha-
bet sizes, it would be possible to obtain sequences with promising
objective values. It can be further validated in Figure 3, where re-
ceiver operating characteristic curve (ROC) curves of the obtained
sequences are plotted.
5. CONCLUSION
In this paper, we considered MIMO communications with multiple
active users working under mode of LTE advanced operation coex-
isting with MIMO radar and sharing the spectrum. Using the con-
sidered scenario, we modeled all the channels between radar, BS,
and users, and obtained the different covariance matrices. Also, we
evaluated the performances based on mutual information and com-
munication rates. The design problem, was to maximize the rates
and the radar performance simultaneously, by designing radar set of
sequences. The optimization framework, was non-convex, where we
used CD framework to tackle it. A future track is to consider uncer-
tainties on the information, about the channels, clutter, and signal
covariance matrices.
4By the uncoded we mean that the phase of the all entries of the set of
sequence is the same, preferably 0.
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